The brachistochrone problem consists of finding the track of shortest travel time between given initial and final points for a particle sliding frictionlessly along it under the influence of a given external force field. Solvable variations of the standard example of a uniform gravitational field would be suitable for homework and computer projects by undergraduate physics students studying intermediate mechanics and electromagnetism. An electrobrachistochrone problem is here proposed, in which a charged particle moves along a frictionless track under the influence of its electrostatic force of attraction to an image charge in a grounded conducting plane below the track. The path of least time is found to be a foreshortened cycloid and its properties are investigated analytically and graphically.
Introduction
The term 'brachistochrone' comes from the Greek words brachistos meaning shortest and chronos meaning time [1] . Accordingly, the brachistochrone problem consists of finding the functional shape of the track of shortest travel time for a particle to slide frictionlessly along it under the action of some specific force field. One well-studied example is for a uniform gravitational field, assumed to point everywhere downward (over the span of the track) with constant magnitude g. Some other variations on brachistochrones have been analysed by Peirce [2] over a century ago, such as particles moving under the action of central forces and on curved surfaces. However, he did not consider the case of a charged particle attracted to a grounded conducting plane. This problem is significant because it connects the pedagogically important topics of the calculus of variations taught in intermediate mechanics with the method of image charges taught in intermediate electricity and magnetism 4 . Bridging undergraduate courses in this manner emphasises to students that physics is a unified field of study, despite the artificial curriculum divisions. This electrobrachistochrone problem generalises the force field (compared to that of uniform gravity) such that it is no longer constant in magnitude 5 but remains unidirectional (which can continue to be taken to be downward). As is shown in this paper, the result is that the optimal track becomes a generalisation of the standard cycloidal solution given in appendix A. Rather than having the shape traced out by a point on the rim of a circular wheel, the curve of fastest descent is now that described by a link of an elliptical chain rolling along a plane.
Specifically, the following problem is solved. A particle of charge q and mass m is released from rest at height H above a grounded conducting plane. Designate that point of release as the origin (0, 0). What shape of frictionless track (as sketched in figure 1) should the particle follow to reach a final point (x f , y f ) in the minimum amount of travel time with x f 0 parallel to the surface and 0y f H vertically downward?
Derivation of the shape of the track
When the charge is at an arbitrary point (x, y) on the curve, it is a height H−y above the plane. An image charge -q is then located at distance H−y below the plane [5] , vertically aligned with charge q. Thus the electrostatic potential energy of the system is Figure 1 . A point charge is released from rest at the origin at height H above a grounded conducting plane and slides frictionlessly along the red track. What is the shape y(x) of the track that minimises the time the particle takes to reach a specific final point (x f , y f )? 4 Another interesting connection between the brachistochrone problem and electromagnetism involves the motion of a charged particle in crossed uniform electric and magnetic fields [3] . 5 The solution for an inverse-square gravitational field requires elliptic integrals [4] 
in terms of the dimensionless coordinates Y≡y/H and X≡x/H. The time taken for the particle to travel along the track is thus
where X′≡dX/dY. Denoting the integrand as f (X, X′, Y) the Euler-Lagrange equation is
which implies that ∂f/∂X′ is a constant because f is not an explicit function of X. Square this result and write the constant in terms of a parameter a such that
which rearranges into
This equation is similar to equation (A5) for a cycloid and accordingly its solution can be expressed parametrically in terms of a new variable θ as
which can be verified by substituting them into equation (7) . The origin of the track is at θ=0. The name 'electrocycloid' will be coined for this curve. Substituting equations (8) and (9) into (4), the travel time to any point along the track is
Equations (8) and (9) describe a cycloid which is compressed horizontally by a factor 6 of (1−2a) 1/2 . It is how a cycloid would appear if viewed horizontally from an acute angle to the plane of motion, rather than perpendicularly from the side. Normally a cycloid is traced out by a point on the rim of a circular wheel of radius a that rolls upside-down along the x axis through the angle θ. But here the wheel is foreshortened horizontally so that it appears to be an ellipse of semi-major axis a parallel to the y axis and semi-minor axis b≡a(1−2a) 1/2 parallel to the x axis. Another way to think about it is to imagine a wheel having an elliptical shape with a chain wrapped around its circumference that can slide on the rim frictionlessly, as sketched in figure 2. Set this wheel down on a table with the major and minor axes respectively perpendicular and parallel to the surface. Translate the wheel horizontally by pushing on handles that connect to the central hub of the spokes, such that the chain does not slip relative to the table, while the elliptical axes maintain a fixed orientation. The link of the chain that starts out in contact with the table will trace out the curve (when inverted vertically) described by equations (8) and (9) . Various examples of such electrocycloids are plotted as the solid curves in figure 3 . An elliptical wheel with semi-major axis a vertical and semi-minor axis b horizontal is translated horizontally to the right while maintaining a fixed orientation of its axes. A link on a chain that slides frictionlessly on the rim while not slipping relative to the floor follows a path through space (when inverted vertically about the floor) describing an electrocycloid. .) The dashed red curve is the envelope of the blue curves for all values of a between 1/3 and 1/2, calculated using equation (B3).
Discussion of the solution
There is an implicit constraint in this problem that the charged particle must not hit the conducting plane, which means that Y must always be less than 1. That in turn implies that only certain final points can be reached within a single dip of the track. For example, if Y f =0 and X f >0 so that the final point is horizontally in line with the initial point, then the chain must travel one full rotation around the rim of the elliptical wheel in figure 2. Putting θ f =2π in equation (8) shows that only points with X f a(1−2a) 1/2 2π can be reached after a single dip of the track 7 . By differentiation, it is found that a(1−2a) 1/2 is maximised when a=1/3 and thus X f cannot exceed 2π3 −3/2 ≈1.21 in value. In other words, it is not possible to reach a point on the x axis that is farther away from the origin than 1.21H using a single-dipped track. More generally, one cannot reach points that are located anywhere to the right of the dashed curve in figure 3 . The calculation of that envelope function is discussed in appendix B. Figure 3 shows that there are two different electrocycloids that reach any desired final point (except for points along the dashed curve, which can only be attained by a single cycloid). For example, to reach X f =0.4 and Y f =0.6, the two possible simultaneous solutions of equations (8) and (9) are a=0.3233 and θ f =2.598 rad with a travel time of T f =1.548 H/V from equation (10), and a=0.4888 and θ f =4.483 rad with T f =1.795 H/V. As is true in this example, it turns out that the solution with the larger value of a always has larger values of θ f and T f than those of the solution with the smaller value of a, as proven in appendix C. That is, the solution with the smallest values of a and θ f is the electrocycloid with the minimum descent time from the origin to a specified final point.
An analogy can help explain why there are two solutions and why the one with the larger peak value Y max has the longer travel time. Consider a ball thrown rightward (defined as the x axis) from a point on the ground (defined as the origin) with a fixed launch speed such that it passes through a particular point having non-negative coordinates (x f , y f ) where the y axis points vertically upward. In general, there are two parabolic paths the ball could follow to reach that final point. For example, if x f >0 and y f =0 so that the final point is back on the ground, then the two paths have complementary launch angles (such as 30°and 60°). In general, the path with the larger value of the launch angle will rise to a greater height and will therefore take longer to reach the final point than will the parabola having the smaller launch angle.
In this analogy, the parabola with the larger launch angle necessarily passes its vertex before reaching the final point, whereas the other parabola may or may not do so (depending on the coordinates of the final point). In like fashion, inspection of figure 3 makes it clear that of the two electrocycloids that reach a desired final point, the one having the larger value of a will necessarily pass its vertex before reaching the final point, while the curve with the smaller value of a might not 8 . For example, to reach a final point at (1.0, 0.2) the two electrocycloids that intersect near that point in figure 3 both pass their vertices. On the other hand, to attain a final point at (0.2, 0.7) only one electrocycloid does so.
Concluding remarks
If a=1 then b=a(1−2a) 1/2 ≈a in which case the electrocycloid becomes a regular cycloid (as discussed in appendix A). In other words, just as a circle is a special case of an ellipse, a cycloid (which is the curve of fastest descent for motion under the action of a 7 The lowest point of a track with θ f π has = Y a 2 max which is less than 1 for all a < 1/2. 8 Both electrocycloids will pass their vertices before reaching the final point if
vertically downward gravitational force of constant magnitude) is a special case of an electrocycloid (describing motion under the action of a vertically downward electrostatic force whose magnitude increases as the inverse square of the distance from a plane). When = Y a 2 max is small, the electrostatic force remains approximately constant along the path as θ increases from 0 to 2π and so the solution of the electrobrachistochrone becomes an ordinary cycloid.
Appendix A
In this appendix, the standard cycloidal solution [1] is derived for a particle of mass m sliding frictionlessly along a track beginning at rest from the origin to a final point (x f , y f ) under the action of a uniform downward gravitational field of magnitude g. Given that the speed of the particle at any point is υ=ds/dt where s is the arclength along the track from the origin and t is the elapsed time since the motion started, then the travel time is
The speed of the particle after it has descended a vertical height y (as in figure 1 ) is u = ( ) gy 2 from conservation of mechanical energy. Furthermore, a differential distance along the track is
where x′≡dx/dy. Thus equation (A1) becomes
Defining f (x, x′, y)≡((1+x′ 2 )/y) 1/2 , the descent time along the track is minimised by solving the Euler-Lagrange equation
which implies that ∂f/∂x′ is a constant. To simplify the final result, write that constant as
Changing variables from y to θ given by
where k is a constant of integration. Equations (A6) and (A7) are the parametric form of a cycloid. The initial conditions are that the particle starts at x=0 when y=0. The latter equality implies that θ=0 at the starting point, according to equation (A6). In that case, equation (A7) requires that k=0.
Experimental investigations of this solution have used model cars [6] or rolling balls [7] [8] [9] [10] . In addition, the effects of kinetic friction [11] and of speed-dependent drag [12] have been analysed.
Appendix B
The goal of this appendix is to find the curve that separates all points in the XY plane that can be reached with a single electrocycloid from those that would require joining together two or more electrocycloids to reach them. That is, the envelope of the electrocycloids is sought for all possible values of a (between 1/3 and 1/2) and of θ (between π and 2π) in equations (8) and (9) . Since that envelope is a monotonic function of Y versus X, it can be determined by finding the particular electrocycloid (described by its specific value of a) and the particular point along that electrocycloid (corresponding to a definite value of θ) that maximises the value of X for any given value of Y between 0 and 1.
Fixing Y at any desired value, equation (9) implies that
Substituting that result into equation (8) gives This expression for X can be maximised by differentiating it with respect to θ and setting that equal to zero. The result can be solved for Y. Then that value of Y can be substituted back into Finally, this expression for a can be inserted into equations (8) and (9) to determine the envelope function parametrically in terms of θ.
In this way, the dashed curve in figure 3 is mapped out by calculating X and Y for values of θ varying from π to 2π in small steps. It is useful to have an analytic approximation to this envelope curve so that one can quickly determine whether or not a particular point can be reached with a single electrocycloid. A simple choice, indistinguishable by eye from the dashed curve when plotted on top of it at the same scale as figure 3 , is given by as explained in section 3.
Appendix C
The goal here is to establish which of the two electrocycloids that pass through a given endpoint 9 (X, Y) has the smaller travel time T. (For simplicity of notation, the subscript 'f' will be omitted on X, Y, and θ throughout this appendix).
The two electrocycloids necessarily have different values of a. Denote those two values as a 1 and a 2 ordered such that a 1 <a 2 . Let the corresponding final angles of the two electrocycloids be labelled θ 1 and θ 2 , respectively. To have the same final vertical position Y, 9 The endpoint is assumed not to lie on the dashed curve in figure 3 , because only one electrocycloid can reach any given point along that curve. equation (9) implies that< cos cos . 1 2 However, figure 3 shows that the electrocycloid with the larger value of a (which dips down the farthest) passes its vertex before it reaches the final value Y, implying that θ 2 >π. In that case, 2π−θ 2 Finally, write equation (10) twice, once for T 1 in terms of a 1 and θ 1 , and then again for T 2 in terms of a 2 and θ 2 . Ratioing the two equations gives A contour plot of this ratio-after substituting equations (C3) and (C4) into it-is presented in figure 4 , showing that it exceeds unity for all allowed values of θ 1 and θ 2 . Thus the particular electrocycloid that passes through a given endpoint (X, Y) with the smallest values of a and θ is the one having the shortest travel time T.
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